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a b s t r a c t
Let X be a smooth projective surface defined over Fp, and let L be a line bundle over X such
that L · Y > 0 for every complete curve Y contained in X . A question of Keel asks whether
L is ample. If X is a P1-bundle over a curve, we prove that this question has an affirmative
answer.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
The Nakai–Moishezon criterion says that a line bundle L on a smooth projective surface X defined over an algebraically
closed field is ample if and only if L · Y > 0 for every complete curve Y contained in X and L · L > 0. It should be mentioned
that if L · Y > 0 for every complete curve Y ⊂ X , then L · L ≥ 0. Mumford constructed a smooth complex projective
surface X and a line bundle L −→ X such that L · Y > 0 for every complete curve Y contained in X but L is not ample
[2, p. 56, Example 10.6]. The surface X in Mumford’s example is a P1C-bundle over a smooth projective curve.
Fix a prime p. Let X be a smooth projective surface defined over Fp, and let L be a line bundle over X , such that L.Y > 0
for every complete curve Y ⊂ X . Keel asks whether L is ample [4, p. 3959, Question 0.9]. See also [7] for related material.
Our aim here is to give an affirmative answer to Keel’s question under the assumption that X is a P1-bundle over a curve.
We prove the following theorem (see Theorem 2.6):
Theorem 1.1. Let C be an irreducible smooth projective curve defined over Fp, and let E −→ C be a vector bundle of rank two.
Let L −→ P(E) be a line bundle such that L.Y > 0 for every complete curve Y contained in P(E). Then L is ample.
2. Line bundles over a ruled surface
Fix a prime p. Let C be an irreducible smooth projective curve defined over Fp. Let E −→ C be a vector bundle of rank
two. Let
f0 : P(E) −→ C
be the projective bundle for E. Let
L −→ P(E)
be a line bundle.
There is a unique integer n and a unique line bundle ξ0 −→ C such that
L = OP(E)(n)⊗ f ∗0 ξ0. (2.1)
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Lemma 2.1. There is an irreducible smooth projective curve M over Fp and a nonconstant morphism
ϕ : M −→ C
such that degree(ϕ∗ξ0) is a multiple of n, and degree(ϕ) is even.
Proof. This is a standard fact. It is enough to construct ϕ with degree(ϕ) = 2n. The power of p in the factorization of 2n can
be handled using an iteration of the Frobenius morphism of C; separable morphisms are available for other factors. 
Since degree(ϕ∗E) = degree(ϕ) · degree(E) is even, and Pic0(M) is divisible, there is a vector bundle of rank two
V −→ M
with
2 V = OM such that ϕ∗P(E) = P(V ). We fix such a vector bundle V . Let
β : P(V ) = ϕ∗P(E) −→ P(E) (2.2)
be the natural morphism. Let
f : P(V ) −→ M (2.3)
be the natural projection.
Assumption 2.2. For every complete curve Y ⊂ P(E), the inequality L · Y > 0 holds.
From Assumption 2.2 it follows that the integer n in (2.1) is positive.
Since degree(ϕ∗ξ0) is a multiple of n, and Pic0(M) is divisible there is a line bundle ξ onM such that
β∗L = (OP(V )(1)⊗ f ∗ξ)⊗n, (2.4)
where β and f are constructed in (2.2) and (2.3) respectively. The morphism β is finite. Therefore, from Assumption 2.2 and
(2.4) it follows that or every complete curve Y ⊂ P(V ),
(OP(V )(1)⊗ f ∗ξ) · Y > 0. (2.5)
Assumption 2.2 implies that L · L ≥ 0. If L · L > 0, then from a criterion of Nakai–Moishezon it follows that L is ample [3,
p. 365, Theorem 1.10]. We assume that
L · L = 0. (2.6)
Our aim is to show that this assumption leads to a contradiction.
Proposition 2.3. The degree of the line bundle ξ −→ M in (2.4) is zero.
Proof. From (2.4) and (2.6) it follows that
(OP(V )(1)⊗ f ∗ξ) · (OP(V )(1)⊗ ξ) = 0.
So
OP(V )(1) · OP(V )(1)+ 2(OP(V )(1) · (f ∗ξ)) = 0. (2.7)
But OP(V )(1) · OP(V )(1) = degree(V ) = 0, and
OP(V )(1) · f ∗ξ = degree(ξ).
Hence the proposition follows from (2.7). 
A line bundle on a projective variety is called nef if the degree of its restriction to every complete curve is nonnegative.
Proposition 2.3 and (2.5) together give the following corollary:
Corollary 2.4. The line bundle OP(V )(1) is nef.
Let FM : M −→ M be the absolute Frobeniusmorphism. A vector bundleW overM is called strongly semistable if (F iM)∗W
is semistable for every i ≥ 1.
Proposition 2.5. The vector bundle V over M is strongly semistable.
Proof. Let M be an irreducible smooth projective curve, and let h : M −→ M be a morphism. Let
h∗V −→ Q −→ 0
be a quotient line bundle. Let
γ : M −→ P(V )
be the morphism corresponding to Q . So Q = γ ∗OP(V )(1). Now, from Corollary 2.4,
degree(Q ) ≥ 0 = degree(V ).
Hence V is strongly semistable. 
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Fix a closed point x0 ∈ M . Letϖ(M, x0) be the fundamental group-scheme.We recall thatϖ(M, x0) is constructed using
the neutral Tannakian category defined by the essentially finite vector bundles on M (see [5] for essentially finite vector
bundles and fundamental group-scheme). Using Proposition 2.5 and [6, p. 70, Theorem 3.2] we conclude that V is given by
a homomorphism
ρ : ϖ(M, x0) −→ SL(2, Fp)
(recall that
2 V = OM ). In other words, the vector bundle V is essentially finite. This implies that there is a smooth
projective curve M , and a morphism
h : M −→ M,
such that the vector bundle h∗V is trivial [1, p. 557].
Fix an isomorphism M × P1Fp ∼−→ h∗P(V ). Fix a closed point c0 ∈ P1Fp . The image of the composition mapM × {c0} −→ h∗P(V ) −→ P(V )
contradicts the inequality in (2.5); recall that degree(ξ) = 0 (see Proposition 2.3).
Therefore, we have proved the following theorem:
Theorem 2.6. Under Assumption 2.2, the line bundle L −→ P(E) is ample.
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